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REGARD 

The der ivat ion of the hydrodynamic  equations for  a gaseous  mix tu re  f r o m  the s y s t e m  of 
kinet ic  Bol tzmann equations is  analyzed.  The f o r m  of the hydrodynamic  equations is  a 
unique consequence of n e c e s s a r y  and sufficient  conditions for  the solvabi l i ty  of s y s t e m s  
of l inea r  in tegra l  equations with s y m m e t r i c a l  ke rne l s ,  which define the t e r m s  in the ex-  
pansion of the distr ibution functions in a s e r i e s  with r e spec t  to a p a r a m e t e r  of spat ia l  non- 
homogenei ty  (actually, the Knudsen number) .  The t r a n s p o r t  laws a r e  p resen ted  in a fo rm 
for  which the Onsager  s y m m e t r y  re la t ions  hold. In deriving the Onsager  re la t ions  use is 
made  of s y m m e t r y  p r o p e r t i e s  of in tegra l  ope ra to r s ,  which a r e  a consequence of the in-  
va r i ance  of the equations of mechan ics  with r e spec t  to a t r ans fo rma t ion  involving changing 
the sign of the t ime  and the impulses  of the pa r t i c l e s .  The Onsager  re la t ions  a r e  a lso  de-  
r ived  f r o m  exp re s s ions  fo r  the kinet ic  coeff ic ients  in t e r m s  of c o r r e l a t i o n  functions.  

In the t he rm odynam i cs  of i r r e v e r s i b l e  p r o c e s s e s  the laws of t r a n s p o r t  in mul t icomponent  m ix tu r e s  of 
l iquids or  g a s e s  a r e  wri t ten  in a s y m m e t r i c a l  form,  i .e. ,  the Onsager  re la t ions  hold for  the kinetic coeff i -  
c ients ;  these  re la t ions  exp re s s  the equali ty of the kinetic coeff icients ,  which c o r r e s p o n d  to c r o s s e d  phe-  
nomena  [1]. However ,  in handbooks on the kinetic theory of gases  [2-4] the laws of t r a n s p o r t  a r e  r e p r e -  
sented in a n o n s y m m e t r i e a l  fo rm.  Symmet r i ca l  laws of t r a n s p o r t  for  mul t icomponent  mix tu re s  of l iquids 
were  obtained by the author in [5]. 

1. The behav io r  of a mix tu re  of gases  of L components  is  desc r ibab le  by means  of the dis t r ibut ion 
functions f (k )  ( r ,  p ,  t) of pa r t i c l e s  of the k - th  kind with r e spec t  to the coordina tes  r and momen ta  p in a 
s ix -d imens iona l  p - s p a c e .  The hydrodynamic  v a r i a b l e s  descr ib ing  the m a c r o s c o p i c  s ta te  of the sys t em,  
for  example ,  the densi ty n k of the number  of pa r t i c l e s  of the k - th  kind, the mean  bulk veloci ty  u,and t e m -  
p e r a t u r e  T, which depend on the coord ina tes  and t ime  (r ,  t), may with the aid of the functions f (k)  be r e p r e -  
sented in the f o r m  

= i( 'dp, = = ( )podp,  r = ,-wz z J -2,n  p ,  

9 = ~,:n~n~, ~ = (x, g, z) (t.1) 

He re  k is  Bo l t zmann ' s  constant,  and the functions f (k)  sa t i s fy  the s y s t e m  of Bol tzmann in tegrodi f ferent ia l  
equations 

O](~) ~ P~ ~ ~: J (](~), ](~)) (k= l  . . . . .  L) (1.2) 

j (](~), (o) = f [/(~) (r, p' ,  t) f(z) (r, Pl", t) --  f(~) (r, p, t) f(t) (r, PI, t )]g~b db ds dp~ 

g~l = [ (Pl /mr)--  (p/m~) [ 
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where p ', Pt '  a re  momenta  of molecules  of the k-th and t - th  kinds af te r  a coll is ion cha rac te r i zed  by initial 
p ,  p~, s ight- l ine distance b, and azimuth e;  repeated  Greek indices will cor respond to summation f rom 1 
to 3. 

2. In obtaining the hydrodynamic equations we consider  distributions with a small  spatial nonhomo- 
genei ty and allow for  only a slow dependence of the distribution functions on the t ime,  which is  c h a r a c t e r -  
is t ic  of the hydrodynamic equations.  Introducing the small  p a r am e te r  ~ of the spatial  nonhomogeneity, we 
put $ =~ r and seek the functions f (k ) ( r ,  p, t) and the hydrodynamic equations in the fo rm of expansions [6, 7]: 

0t = ~ sqAk(q)(~lns, u, T) (2.1) 
q:0 q~l 

0u~ (~, t) o ~  0T(~, t) ~) eqC(q)(~]n~, u, T) (2.2) 
Ot = I 8qBJq)(~]/~s' U, T), 0t 

q=l q=l 

In addition, we r equ i r e  that a l ready in the ze ro - th  approximation the functions f0 {k) define completely 
the var iab les  of the hydrodynamic state: 

nk= I/o(~)dp, pu~= ~f/o(~)p~d p 
(2.3) 

T = =~-~ <_~ j~ ~ l' p~~ = p~,-- m~u~, 

Using Eqs. (2.1), (2.2), we wri te  the der ivat ive oft/k)'  with respec t  to the t ime in the fo rm 

0/`~, ~) ~ sV+qA(q)]p(~) (2.4) 
Ot 

q=l P ~ 0  

A -- I + + 

Substituting Eqs.  (2.1), (2.4) into Eqs. (1.2) and collecting t e r m s  having the same powers  of ~, we ob- 
tain the following equations for  determining the functions f ~ ) :  

~,, J(/o (~), 1o (~')) = 0 (2.5) 
/r 

~.) [J (1o (~),/q(~')) -~ J(/q(~), 10(~'))] = D~ (~) -- Iq (~) (q ~ i) (2.6) 
~fr 

q'=l ~ k' q'=l 

In addition, substituting Eq. (2.1) into Eq. (1.1) and taking account of the re la t ions  (2.3), we have 

Sfq(~)dp ___ 0, ~If(~)p~dp=O, ~ ' - ( k )  ~ 1 ~  2~_~_dp__=0 (q> / l )  (2.7) 

With r e ga rd  to the conditions (2.3) and in acco rd  with Boltzmann's  H- theorem,  Eqs. (2.5) have the 
solutions 

fo(~) nk 
(2~rakKT),l, exp -- p~ = 2r%gr (2.8) 

F o r  fixed q the Eqs. (2.6) s e rve  to de termine  the functions fq{k), k= 1 . . . . .  L. On the r ight  sides of 
these equations there  appear  the functions fq{k) with q'  <q and the functions A~qr') , 8 2 ), c(q ')  with q'-< q 

(where the functionals with q ' = q  a re  to be cons idered  as unknowns), and the left  sides of the equations may 
be r ep resen ted  in the fo rm of l inear  integral  ope ra to r s  with symmet r i c  kerne l s  [2], operat ing on the func- 
tions 

(I)q (~) = fq(~) / fo (~) (2.9) 

For  solvabili ty of the Eqs. (2.6) it is n ece s sa ry  and sufficient that the i r  r ight sides be orthogonal to 
the solutions of the sys tem of homogeneous integral  equations, these solutions being, in accord  with the H- 
theorem,  the following L + 4 l inear ly  independent vec tor - funct ions  r  s = 1 . . . . .  L + 4: 

.~. (k) 
*s (~) 8ks ( s = t ,  L), T L ~ = P ~  ( a = i ,  2,3), ~(+~)-- p~ . . . . .  - -  2 t %  ( 2 . 1 0 )  
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The condi t ions  of so lvab i l i ty  have  the f o r m  

e \ (Dq(~) _ i(~)) %(~) dp = 0 (2.11) 
k 

and s e r v e  to d e t e r m i n e  the f o r m  of the unknown funct ions  A~ ) (k= 1, .. . ,  L), B(a q)- (c~ = 1, 2, 3), c(q) .  Thus  
the h y d r o d y n a m i c  equa t ions  a r e  a unique consequence  of the way in which the n o r m a l  solu t ion  of the Bo l t z -  
mann  Eq. (1.2) is  c o n s t r u c t e d .  Since 

i Iq(~)~(~) dp = 0 

the condi t ions  (2.11) m a y  be wr i t t en  in the f o r m  

�9 r% 0~= + ~' a(q'!]q(-~)" *s(~)dP= 0 
k q ' = l  

(2.12) 

(2.13) 

Since the funct ion (2.10) does  not  depend on }a  the d e r i v a t i v e  with r e s p e c t  to ~a m a y  be  t aken  out f r o m  
behind the i n t e g r a l  s ign.  In  addit ion,  by  v i r t u e  of the condi t ions  (2.7), a m o n g  the t e r m s  with fq~)q,._ only the 

t e r m  with q - q '  =0  i s  d i f f e ren t  f r o m  z e r o .  As a r e s u l t  the condi t ion (2.13) a s s u m e s  the f o r m  

3 ~  ~ .  J ~ sq-~w r + f0(~)~ (~) dp ---- 0 
k k 

In a c c o r d  with the r e l a t i o n s  (2.3) and (2.10), 

(2.14) 

s s ~ t ,  . . . ,  L 

~], i ]o(~)~}s(~) dp = pu=, s = L + a ,  a = 1 , 2 , 3  
k 

ll~pu2 + 312nKT, s = L -}- 4 

t h e r e f o r e  the Eqs .  (2.14) a s s u m e  the f o r m  

0 ~  f(q~-)~dp-}-A~(~)=O ( k = l  . . . . .  L) 

0 ~ P~P~ ~ (~) .4~ 
0~: ~2 -}- -~-0 (~-----i, 2,3) 3 ~ m-1 ~l" ~ m~usA ~(q) ~ 9B~ (q) 

k k 

0 ~)~ Pa p2 "(~)dn i 2 3 
0~-~ ~ J m'--~- 2rn---~ lq-a ,- + ~ ,  ('-g- m~u -4:- -g- K T )  A~ (~:) + 9u~B~ (q) -4: S/~nKC (q) : 0 

k 

(2.15) 

(2.16) 

F r o m  this  we obta in  fo r  q=  1 

A (1) 0 Ou: l 0 
= 0 ~  nku~' B~ (t) --.~ - -  u~ o~,~ 9 o ~  

OT 2 T Ou a 
C(~)= --  u~ 0~ 3 0~ 

F o r  q > 1 it fo l lows f r o m  Eqs.  (2.16) that  

A (q)= OJ(~q~ -1) B (q ) t OP(~ -'1) 
05~ ' p 0 ~  

n K T  

C(q) - 2 ~ L T ~ OJ(~ q-l) 2 O P ~  1~ 
3Kn O~c ~ i - -  g _ _ j - -  O~-x-..- 

(2.17) 

(2.18) 

w h e r e  

k ~ m k  

Q:(q) = ~ f  p:~ p~ (2.19) 
r% 2rn k fq(~) dP~ 

The log ica l  s c h e m e  of c o n s t r u c t i n g  the h y d r o d y n a m i c  equat ions  is  now c o m p l e t e d .  At the s a m e  t ime  
the h y d r o d y n a m i c  equat ions  of the f i r s t  a p p r o x i m a t i o n  have  been  c o n s t r u c t e d  [ r e l a t ions  (2.17)]. 
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3. We p r o c e e d  now to  a de r iva t i on  of the l aws  of t r a n s p o r t  in the second  a p p r o x i m a t i o n .  However ,  
h e r e ,  i n s t e ad  of the  c o m p l e t e  se t  of h y d r o d y n a m i c  v a r i a b l e s  n k, u s ,  T we c o n s i d e r  ano the r  c o m p l e t e  set :  

v~, u=, [~ (fi ---- (KT)-*, v~ = [~t~) 

H e r e  # k  i s  the  c h e m i c a l  po ten t i a l  o f  the  k - th  componen t  of the m i x t u r e .  In the c a s e  of a g a s e o u s  m i x -  
t u r e  

% = In [n~ ([~]2gm~)'/'-I 

This  cho ice  of p a r a m e t e r s  of  the h y d r o d y n a m i c  s t a te  s i m p l i f i e s  the  de r iva t ion  of the fol lowing r e l a -  
t ions  s ince  the f a c t o r  p r e c e d i n g  the exponent ia l  in Eq. (2.8) is  now inc luded in the exponent ,  and in addit ion,  
the laws  of t r a n s p o r t ,  the  e x p r e s s i o n s  in t e r m s  of the d e r i v a t i v e s  of  t hese  p a r a m e t e r s ,  s a t i s fy  the O n s a g e r  
r e l a t i o n s .  

The  equa t ions  f o r  the v a r i a b l e s  Vk, u s  in the f i r s t  a p p r o x i m a t i o n  have  the f o r m  

0'v~ h 013 0% 0% Ou~ Ou~, t ~, nk ~ 4- (3.2) 
-aT = -- u~ aT~r~, ~ = -- u,3 #r~ ~p ~ ~p a~ 

O~ O~ 2 Ou~ 
o--i - =  --u~-~r +,--~P~b~ ~ ( h = ~ l ~ n g T )  

H e r e  h i s  the  en tha lpy  dens i ty .  

Using t he se  equa t ions  we t r a n s f o r m  the funct ional  Dt(k) to the  f o r m  (the e x p r e s s i o n  fo r  A(q) m a y  be 
w r i t t e n  in t e r m s  of the  funct ional  d e r i v a t i v e s  with r e s p e c t  to the v a r i a b l e s  v k, u s ,  13, us ing  the c o r r e s p o n d -  
ing t e r m s  of the expans ion  of t he i r  d e r i v a t i v e s  in p o w e r s  of the p a r a m e t e r  e) 

< :  (3.3) 

w h e r e  Ds/3 is  the d e f o r m a t i o n - v e l o c i t y  t e n s o r  

Ou~ 0% 2 Our 

For the functions ~(k) I defined in Eq. (2.9), we obtain a system of integral equations: 

Z (Ol) = D 7, 
/ 

I~t ( ~ )  ---- .~ -of(~)r176 [e~ ~) (r, p ' ,  t) + @i t) (r, p~,' t) - -  @~(~) (r, p, t) --  Of) • (r, Pl, t)l g~tb db de dpx 

In a c c o r d  with Eq. (3.3), the solut ion of Eqs .  (3.4) can  be wr i t t en  in the f o r m  

(~) @~) = A~) o13 1 B(~) D~<t 3 _ 2.J C , - -  

A(k), (k) (k) 
The functions s Bsfl , Ck, s satisfy the equations 

Z I ~ t ( A : )  So mk \ 2rak P J l 

_ /(~) ~__ ( (p Op O i o~o 
o m, k I 

--{(k)Pct~ (~;I~' mkrtk" ) = 2[kl(Cl~'~) 
~o m k p p 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

Since the m o l e c u l a r  i n t e r a c t i o n  po ten t i a l  is a s s u m e d  to be  s p h e r i c a l l y  s y m m e t r i c ,  the m a t r i x  of the 
i n t e g r a l  o p e r a t o r ~ i n  Eqs .  (3.7) i s  i n v a r i a n t  unde r  ro t a t i ons  of a t h r e e - d i m e n s i o n a l  space ,  and t h e r e f o r e  the 
func t ions  ~{k), B ( ~ ,  Ck~, ) m u s t  have  the fo l lowing t e n s o r i a l  s t r u c t u r e :  

A~) (p~ = pJA(k) (p~ C(. k)~,~ (•~ = pJC~, (p~ (3.8) 
B(~ (D ~ = (pJp~~ -- I/8p:'6~) B(~) (pO) 

a D --- . 

The conditions (2.7) with q= 1 serve to determine the solutions of Eqs. (3.7) uniquely; these conditions 

may be reduced to the conditions 
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r176 dD ~ -- 0 (3,9) 

by substituting the express ions  (3.6) into them and taking note of Eqs. (3.8). 

Substituting Eq. (3.6) into Eqs. (2.19) with q= 1 and using the relat ions (3.8), we obtain the laws of 
t ranspor t  in the fo rm 

! 0~ / r  

L) 

P(q~ ---- --  ~qD,~, Q~ = XKT z ~ - -  ~,D~ 
g 

where the kinetic coefficients are defined by the formulas  

DR' i~f(~)P~-t-A(~) i ~j~l(~, ) ~_v___C(~,)d,O 
= 3 J'o m~ ~ dp~ D ~ = - g -  , J  o r%,2r%, ~ *" 

Pm~ l " P* * D~, ~ r ~(~) Cl~,)~ ap 0, 

l P~ p 
3KT' ~a j-o m~ 2ra~ A~) dp ~ (3.10) 

4. We show now that the Onsager  relat ions are  satisfied for  the coefficients of diffusion and thermal  
diffusion: 

D~'..= D~, D~, ---- D~,~ (4.1) 

In fact, if we use the second of the supplementary conditions (3.9), we can put the express ion for  D k 
into the fo rm 

Here we have also used the f i rs t  of Eqs. (3.7). Since the matr ix  of integral  opera te rs  is symmet r i c  [3], 

f 1~ (A) B(~)dp ~ = ~, f A(~)I~ (B) dp ~ (4.2) 
l t 

and if we then use the third of Eqs. (3.7), we obtain 

Here we have also used the f i r s t  of the conditions (3.9). We have thus established the equality of the 
coefficients D k and Dk,. 

Consider now the coefficients of diffusion. Upon repeating s imi lar  calculations,  we find as a resul t  
that 

Dk~. ---- "-Ui J\ -0 f(~) p~-m~ 6~,t --  C('~- ) dP~ = -- "S- ~,~ ~ tzm (Cv~) Cn~ dp ~ 

The las t  form,  in accord  with Eq. (4.2), is symmet r i c  in the indices k and k ' .  In proving the Onsager 
relat ions we have used the relat ion (4.2), which is a consequence of the invariance of the equations of me-  
chanics with respec t  to the t ransformat ions  t ~ - t ,  p ~ - p .  

5. For  completeness  we also give the derivation of the Onsager  relat ions for  the kinetic coefficients,  
expressed  in t e r m s  of corre la t ion  functions [5]: 

oo 

co 
t l 

~ .~  v (5.1) 
o 

oo 

D~= i ~dt l im i J v - ~  -v-<QgI~2 (t)) 
o 

n~ h pA 
I~, = I ~ ; - - T  pg '  Sg = Q 2 -  T ~' ~ ( t ) = e x p { - - t H }  
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H e r e  exp { - t H }  is  an o p e r a t o r  of evolut ion fo r  a s y s t e m  of N p a r t i c l e s .  

The dynamic  v a r i a b l e s ,  d i s t inguished  by the c a r a t  symbol ,  a r e  defined by the r e l a t ions  

N N 

Jk~" = ~, ps~ p~. = ~, Pi~, Qff _- ~, pi= pi ~ 
tE(k) m~ ' i= l  i=1 mi 2mi 

(in the case  of a liquid, there  en te r  a lso  into the express ion  for  Q~ t e r m s  containing a two-par t i c l e  i n t e r -  
action potential :  these  t e r m s ,  in the l imi t  of a gas,  a re  of h igher  o rde r  in the density when compared  with 
those wri t ten  down); the symbol  i E (k) denotes that the summat ion  is  taken only over  pa r t i c l e s  of the k- th  
kind. The angular  p a r e n t h e s e s  denote an ave rage  taken over  an equi l ibr ium (or a local  equi l ibr ium, a m a t -  
t e r  of no consequence in l a t e r  calculat ions)  canonical  ensemble .  

By vi r tue  of the m i c r o s c o p i c  r eve r s ib i l i t y  (i.e., the invar iance  of the equations of mechanics  with 
r e spec t  to the t r a n s f o r m a t i o n s  t - - -  t, Pio~ - - - P i n ) ,  the au tocor re la t ion  por t ions  of the express ions  for  D k 
and Dk,, Dkk, and Dk, k a r e  equal.  To prove  the Onsager  re la t ions  it r ema ins  to show that 

t / h t nk 
v~oolim --~. ,,\J~ ~- Ps (t) /k _-- limw_.oo ~ v  < Q; -{- P• (t) / \  (5.2) 

i / n~, . t ^ rt~ 
lira -V-.. J~g --~-P2 (t) ~ = hm -w-./ J~.~ - P2 (t) \ (5.3) 
V-~.oo \ / V--~oo r \ p / 

We remark that P~ is the total momentum of the system, which is an integral of the motion of the sys- 
tem and does not depend on the time, P~ (t)= P~ (0). Therefore, the eorrelators in Eqs. (5.2), (5.3) are in- 
dependent of the time and readily ealeulable. Our calculations show that both sides in the relation (5.2) are 
equal to 15/2nkp-l(KT) 2, and in the relation (5.3) are equal to 3p-lnknk,KT. We have thus established the On- 

sager relations (4.1). 

We wish to express our thanks to V. V. Struminskii for useful discussions of this work. 
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